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Abstract 

In this paper, we introduce the notion of reproducing kernel Hilbert spaces for graphs and the 
Gram matrices associated with them. Our aim is to investigate the Gram matrices of reproducing 
kernel Hilbert spaces. We provide several bounds on the entries of the Gram matrices of reproducing 
kernel Hilbert spaces and characterize the graphs which attain our bounds. 

1 Introduction 

The theory of reproducing kernel Hilbert spaces is one of richest areas in functional analysis. It originated 
from Sturm-Liouville theory in ordinary differential equations and Cauchy's integral formula in complex 
analysis, and serves nice frameworks to many fields in pure mathematics, applied mathematics, statistics 
and engineering (see [TTJQj]). The purpose of this paper is to investigate graphs via theory of reproducing 
kernel Hilbert spaces. Since this paper is directed to mathematicians not only in functional analysis but 
also in the graph theory, we would like to include details of our basic idea. 

Definition 1.1. A vector space ri is called a reproducing kernel Hilbert space {which will be abbreviated 
to RKHS) over some set £1 if 
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(i) H is a Hilbert space consisting of functions on Q, 

(ii) for any x in Q, there exists a non-zero function k x in % such that f(x) = (/, k x )u for any function 
f in %, where (•, denotes the inner product of%. 

The above k x is called the reproducing kernel of % at x. Then the set of reproducing kernels {k x } x ^Q 
is a linearly independent dense subset of %. Setting k(x,y) = (k y ,k x )y_, which defines a two variable 
function on £1 x CI. In particular, K = (k(x,y)) x , y can be identified with a self-adjoint matrix if 51 is a 
finite set, and which is called the Gram matrix of T~i. In this paper, we construct real RKHS's encoding 
data of graphs, and investigate their Gram matrices. As will be shown in Section [5J the Gram matrix of 
W coincides with the inverse of the sum of the Laplacian matrix and the all-ones matrix. This matrix 
has been extensively studied in the context of the generalized inverse matrix of the Laplacian matrix, 
see [21 [4] and references therein. In fact, the main results of this paper are Theorems 16.91 [CTTOl and [6.131 
These results provide bounds on the entries of the Gram matrices of reproducing kernel spaces of graphs 
and characterize graphs which attain our bounds. 

Before stating our results, we should mention the work of Nagai, Kametaka, Yamagishi, Takcmura 
and Watanabe in [8], where some similar results have been obtained. One of differences from their 
research is that our interest is analysis of graphs from RKHS point of view. 

The paper is organized as follows. Section[3]is a short introduction to the graph theory which we need 
in this paper. In Section [31 we introduce Sobolev type real RKHS's over graphs, which will be denoted 
T-Lg- In Section [J we deal with Gram matrices of Hq. An estimation of spectra of Gram matrices is 
given. In Section [SJ we show that the Gram matrix is the inverse of the sum of the Laplacian matrix 
and the all-ones matrix. It turns out that reciprocal of the positive eigenvalues of the Laplacian matrix 
of the graph are eigenvalues of the Gram matrix and eigenspaces of both matrices coincide. Finally in 
Section [5] we focus on the maximum and minimum value of entries of the Gram matrix K. We provide 
the upper and lower bounds for diagonal entries of the Gram matrix of a graph and the upper and lower 
bound for minimum entries of the Gram matrix of a tree. In both cases, we characterize the graph 
which attains each bound. 

2 Preliminary 

A graph G = (V(G), E(G)) is a pair of a nonempty finite set V(G), which is called the vertex set, and 
a subset E(G) in {{x, y} : x,y £ V and x y}, which is called the edge set. In this paper, a graph 
means always simple, namely it has neither loops nor mulitiedges, and has finite vertices. We abbreviate 
V = V(G) and E = E(G) if there is no confusion. For any vertex i £ V, let di or deg G (i) denote the 
degree | { j £ V : { i, j} £ E} | . A path from x to y in the graph G is a sequence of xq = x, xi, . . . , xi = y 
such that {xi,Xi+i} £ E(G) for < i < I — 1 and the vertices xq, . . . , xi are all distinct. The graph G 
is said to be connected if, for any two distinct vertices in G, there exists a path from one to the other. 
A graph is said to be a tree if, for any two distinct vertices, there exists the unique path between them. 
Let d = do denotes the path-length distance for a connected graph G. Graphs G\ = (V(Gi), E(Gi)) 
and G2 = (V(G2),E(G2)) are isomorphic if there exists a bijection $ : V{G\) — > V(G2) such that 
(x,y) £ E{Gx) if and only if ($(x),$(y)) £ E{G 2 ). 
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The adjacency matrix of G is a square matrix A whose rows and columns are indexed by V with 
(x, y)-entry 1 if {x, y} € E and otherwise. The degree matrix D of G is a diagonal matrix with (x, x)- 
entry equal to its degree. The Laplacian matrix L of G is defined to be L = D — A. Let Xj (1 < j < s) 
be all distinct eigenvalues of L with increasing order Ai < • ■ ■ < A s . Let rrii be the multiplicity of A^. 
It is known that L has the smallest eigenvalue with multiplicity 1 and its eigenvector is the all-ones 
vector 1 provided that G is connected. 

Let Ej denotes the projection onto the eigenspace corresponding to Xj for 1 < j < s. Then E\ = i J 
holds, where n denotes the number of vertices and J denotes the all-ones matrix. Since L is symmetric, L 
has the following spectral decomposition; L = Y^j=i ^j^j with Ej = Ej, EiEj = Sij and 52j=i = I> 
where / denotes the identity matrix and 5%j denotes the Kronecker delta. 

3 RKHS U G 

Let G be a connected graph with adjacency matrix A. The set of all real valued functions on V will be 
denoted by T = J-(G). We define a bilinear form on T as follows: 

£ ( k u i v ) = \ Yl A xy( u ( x )- u (y))( v ( x )~ v (y))- 

Lemma 3.1 (Cauchy-Schwarz). \£(u, v)\ 2 < £ (u, u)£(v, v). 

Proof. It is the same as the usual inner product case. □ 

Lemma 3.2. £{u,u) = if and only if u is constant on V. 

Proof. The only if part is trivial. We shall show the if part. Assume that 

\ J2 A X y\u{x)-u{y)\ 2 = Q. 

Then it follows that u(x) = u(y) if A xy ^ 0. Since G is connected, u is constant. □ 

We set N = Ml and ([u], [v]) = £(u, v) for [u], [v] in F/Af. Note that ([u], [v]) is well defined. Indeed, 
if [u] = [u'j and [v] = [v 1 ], then we have that 

\£(u,v) -£(u',v')\ < \£{u,v) -£{u,v')\ + \£{u,v') -£{u',v')\ 
= \£{u,v-v')\ + \£(u-u',v')\ 

< {(£(u, u)£(v -v',v- v')} 1/2 + {£{u -u',u- u')£(v, v)} 1/2 
= 

by Cauchy-Schwarz inequality fLcmma l3.1[) . We define another bilinear form on T as follows: 

( U ,v) =(x;«c«))(E +(m-h) 

x£V xEV 

for u and v in T . 
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Lemma 3.3. (-, •) is an inner product invariant under graph isomorphisms. 

Proof. We set c = Y,xeV u ( x )- If = thcn l c l 2 = and (M> N) = 0. Then, by Lemma [XI 

u is constant. Therefore we have that u = 0. Thus (•, •) is an inner product. Next, let $ be a graph 
isomorphism from G\ onto G2, and let (•, -)i and (•, be the corresponding inner products of G\ and 
G2, respectively. Then, since A xy = we have that 

(u o u o $ _1 ) 2 

= | J2 «(* _1 0«0)l 2 + 5 E ^K*- 1 ^))-"^ -1 ^))! 2 

x£V(G 2 ) x,y€V(G 2 ) 

= | Yl «(* _1 (*))l a + 5 E ^- 1(x)4 - 1(y) | w ($- 1 (x))- u ($- 1 (y))| 2 
= 1 E < x ')\ 2 + \ E ^K^-ud/)!' 

x'ev(Gi) s',i/'eV(Gi) 

By the polarization identity, it follows that inner product (•,•) is invariant under graph isomorphisms. 
This concludes the proof. □ 

Definition 3.4. Hq will denote the Hilbert space (J 7 , (■, ■)). The norm induced by (■, •) will be denoted 
by || • \\?i a , that is, we set 

N& G = I £«(*)l 2 + £(«>«)■ 

lei/ 

wz?Z be abbreviated as % if no confusion occurs. 

Since the dimension of H. is finite, the point evaluation on H is norm continuous. By Ricsz repre- 
sentation theorem, there exists a non-zero element k x in % such that u(x) = (u, k x ) for any u in %. We 
note that k x is uniquely determined. This k x is called the reproducing kernel of % at x. In this paper, 
k x (y) will be denoted by k(y, x). It is easy to see that {k x } xl zv is linearly independent. 

Definition 3.5. Let G\ and G2 be connected graphs. We will say that Hq 1 and are isomorphic 
as reproducing kernel Hilbert spaces if there exists a unitary operator U from %Gi on t° ^G 2 > a graph 
isomorphism $ from G\ onto G2 and a function ip on V(G2) such that the following diagram commutes: 

Hgi — - — > Hg 2 
G\ > G2, 

where 1 denote the mapping x 1— > k x from V(G) into Jic- For the fully general definition, see [T]. 

The next lemma is well known in the theory of reproducing kernel Hilbert spaces. 

Lemma 3.6. Let k and j be reproducing kernels of Hg-l and'H.c^, respectively. If Hqi and Hg 2 are 
isomorphic, then 
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(*) = ¥>(*(aOMy)M* _1 te)), 

fwj (Uk x )(y) = <p(y)k x (?- l (y)), 
(ill) Uf = cp(fo<S>-l). 

Proof. By diagram chasing. □ 

Let 5 X denote the delta function for a vertex x in V. If {x, y} belongs to E, then S x is orthogonal to 
5 y in Hg- Indeed, for {x, y} in B, we have that 

(S x ,S y ) = l + S{S x ,S y ) 

= 1 + \{{5 x {x) - 6 x (y))(S y (x) - 6 y (y)) + (6 x (y) - 6 x (x))(5 y (y) - S y (x))} 

= 0. 

Hence, if G is complete, then {d x } x ^v is an orthogonal set in Ha, and we have that 

= lis p ^y( x )^v 

Theorem 3.7. Lei Gi and G2 be non-complete graphs. If Hd an d T~Lg 2 are isomorphic, then tp = 1 
or ip = — 1. 

Proof. Since ||<5x||?{ G = 1 + deg Gl (x), we have 

ll^<MI« G =IWfe°* _1 )ll?i , 



ll^*(x)HKo 2 



2 
H 

2 



= |^($(x))| + £ 

= llv($(a0)<*»(*)ll?i Oa 

= |^($(x))| 2 {l + deg G2 ($(x))} 

by Lemma [3T6l Since U is unitary and deg Gl (cc) = deg G2 ($(x)), it follows that |^| = 1 on V(G2). 
Next, let {x,y} be not in E(G\). Without loss of generality, we may assume that <p($>(x)) = 1 and 
<p{$(y)) = a - Then (5 x ,6 y )-H Gl = 1 and 

(US X , U5 y )n G2 = (v(6 x o <p(6 v ° $" 1 ))« G2 

= (^($(x))5 4(:t ,),^($(y))5 4(a )}H G2 
= V(*(a;))v(*(v)) 



by Lemma 13.61 Therefore we have that a = 1. This concludes the proof. □ 
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Theorem 3.8. If G± and G2 are isomorphic, then %Gi an d ^G 2 are isomorphic. 

Proof. Let $ be a graph isomorphism from G\ onto G^- Setting Uu = uo U is a unitary operator 
from Ha = (^(Gi), (-, ■)u Gl ) on t° ^G 2 = (•^"(G'2), (•, ■)u G2 ) by Lemma |3"31 and then trivially U*v = 
v o 3>. In order to show the statement, we shall see that Uk x — j&M for any x in V{G\). Let v be in 
%G 2 . Then we have that 

(v,Uk x }u G2 = (U*v,k x ) nGi = (vo$,k x ) nGi =v($(x)) = (v,j^)na 2 - 

This concludes the proof. □ 

Remark 3.9. For a non-connected graph G, we define Hg as the Hilbert space direct sum Hd © • • • © 
Hg„ , where G\, . . . , G n are connected components of G. 

4 Gram matrices 

We set ||u|| 2 = {J2 xev \u(x)\ 2 f/ 2 for each u in T , and 1 2 {G) will denote the Hilbert space over G with 
the norm || • H2. 

Lemma 4.1. Let G be a connected graph with n vertices, and let T be the operator from T-Lg into 1 2 {G) 
defined as Tu = (u(xx), . . . , u(x n )). Then 

(i) TT* = (k Xj (xi))ij 

(ii) T*T = k Xl <g> k Xl + • • • + k Xn © k Xn , where we set (u © v)w = (w, v)u. 
Proof. For any (ax, . . . , a n ) in R™, we have that 

(Tu, (ax,..., a n ))i2 = ((u(xx), u(x n )), (ax,... a n ))p 

= u(xx)ax H h u(x n )a n 

= (u, axk xi H h a n k Xn ) H . 

Hence we have that 

T*(ax, . ■ -,a n ) = axk Xl H h a n k Xn . 

It follows that 

TT*(ax, ■ ■ -,a n ) = T(a x k Xl H h a n k Xn ) 

= (axk Xl (xx) H h «„fci„ (xi), . . . , a x k Xl (x n ) H h a n k Xn (x n )) 

= (k Xj (xi))(ax, ■ ■ -,a n ). 

This concludes (i). Moreover, 

T*Tu = T*(u(xi), . . . ,u(x n )) 

= u(xx)k Xl H h u(x n )k Xn 

= (k Xl © k Xl H h fc x „ © 

Thus we have (ii). □ 
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Definition 4.2. We set k(y,x) = k x (y) and K = TT* = [k(xi,Xj))ij . In this paper, K will be called 
the Gram matrix of G. The (i, j)- entry of K is also denoted by Kij. 

Theorem 4.3. Let G\ and G2 be connected graphs, and let Ki and K 2 be Gram matrices of G\ and 
G2, respectively. IfHo^ andT-ic^ ore isomorphic, then K\ = 

Proof. Let k and j be reproducing kernels of Hd an d "Hg 2 ? respectively. By Lemmas 13.61 and 13.71 we 
have that 

k(y,x) = (k x ,k y ) Hc!i = (Uk x ,Uk y )na 2 = (j<s>(x),h(y))H G2 = i($(j/)> $0*0)- 
This concludes the proof. □ 
Theorem 4.4. Let G be a connected graph. Then l/\V\ £ cr(K). 

Proof. Since \V\ £ y k x (y) = (k x , l) Uo = 1, we have Kl = 1/\V\. □ 
Remark 4.5. In the later section, we will see that mma(K) = 1/|V|. 
Lemma 4.6. Let G be a connected graph with n vertices. Then 

«r(JiO <= {||«||i/||«||^ : t* ^ 0} . 
Proof. Let u be an eigenvector with respect to an eigenvalue A of T*T. Then we have that 

M\ u \\Il = {^u,u)n 

= (T*Tu,u) n 
= {Tu,Tu)p 

= ((u(xi), u(x n )), (u(xi), u(x n )))i2 

\l 



Mis 



Hence we have that 

a 



(t*t) c{Hi/|Hli : U ^0} 



Since a(TT*) = a(T*T), we have the conclusion. □ 

We set ||w||cc = niaxzgy \ u { x )\ f° r each u in ? ', and l°°(G) will denote the Banach space over G with 
the norm || ■ H^. 

Lemma 4.7. Let G be a connected graph. Then 

Hl« < {maxk(x,x)}\\u\\^ , 

and which is best possible. 

Proof. Let S be the operator from % onto 1°°{G) defined as Su = u. It suffices to show that ||<S|| 2 = 
max^gy k(x, x). Since 

Hy)\ 2 = \(u,ky)\ 2 n < \\ U \\ 2 n \\ky\\ 2 n , 



wc have that 



MIL < {maxk(x,x)}\\u\\^. 

x£V 



Hence we have that ||5|| 2 < max^gy k(x, x). Conversely, taking a vertex x in V such that k(xo, x ) 
max^gy k{x 1 x), we have that 



It follows that 



maxk(x,x) < Hfc^lloo < \\S\\\\k X0 \\ n = \\S\\{maxk(x, x)} 1 ' 2 . 

16V x£V 



maxk(x, x) < \\S\\ 

x£V 



This concludes the proof. □ 
Theorem 4.8. Let G be a connected graph. Then 

maxcr(/v) < |V| max/c(cc, x). 

Proof. By Lemma 14.71 we have that 

h||^<|^|||u||L<|^|{maxfc(x,x)}|| M ||^. 

xGV 

This concludes the proof by Lemma 14.61 □ 
Remark 4.9. The inequality in Lemma l4?7l is a kind of discrete Sobolcv inequality (cf. [8]). 
Remark 4.10. If G is complete, then cr(K) — {1/\V\}. Indeed, 

htn = II E < x )^Wu = E l<*)l 2 HM* - \v\h\\l 



xev xgv 



Remark 4.11. For each non-connected graph G, we define the Gram matrix of G as the direct sum 
Kq 1 © • • • © Ko n , where G\,...,G n are connected components of G. 

5 The Gram matrix in terms of the spectra of Laplacian matrix 

In this section, we study the spectra of the Gram matrix K of %. 

Theorem 5.1. Let G be a connected graph with n vertices and Laplacian matrix L. Assume that the 
spectral decomposition of L is Y^,j=i ^j-^j with Ai = 0. Then K = 4j J + YTj=2 T~Ej- 

Proof. Define a\ = and ctj = — j= for 2 < j < s and u = J~)j—-\ ajEj5 u . Then a set {u : u G V} is 
an orthonormal basis with respect to the inner product (,) defined in Section [3] Indeed 



1 3 
(u,v) = - + u T Lv = y^(Ej) uv = S uv . 
n *r-{ 

Thus K = FF T = £* =1 a)Ej = & J + E* =2 ^ □ 
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In particular, K is the inverse matrix of L + J and K — \J is the Moore-Penrose pseudo- inverse of 
the Laplacian matrix L. Since the largest eigenvalue of L is at most n, — is the smallest eigenvalue of 
K. 

Example 5.2. Let n be an integer at least 2. Let G = (V,E) be a star with V = {1, • • • , n} and 
E = {{1, i} : 2 < i < n}. Then the eigenvalues of the Laplacian matrix L are Ai = 0, A2 = 1 and 
A3 = n. The corresponding multiplicities are mi = 1, 7712 = n — 2 and 7713 = 1. The orthogonal 
projections R" onto the eigenspaces arc E\ = - J, E 3 = uu T where u = , 1 (n — 1, — 1, . . . , — 1) T 

n Wn(n— 1) 

and I?2 is determined from the equation X);=i ^» = ^- Thus, by Theorem 15.11 the Gram matrix of 
reproducing kernel of G is given by 

K = \j + E 2 + -E 3 
n n 

where denotes the all-zeros column vector. 

Example 5.3. Let n be an integer at least 2. Let G = (V, E) be a path of length n with V = 
{].,••• ,n} and E = {{i,i + 1} : 1 < i < n — 1}. Then the eigenvalues of the Laplacian matrix 
L are Xj — 4 sin 2 ( |p. ) for < j < n — 1. The corresponding normalized column eigenvector for 

Aj are it.,- = (y^"cos((i — |)^-))i<i< n - The orthogonal projection M™ onto the the eigenspace for 
Aj is Ej := UjuJ . Thus, by Theorem 15. 1[ the Gram matrix of reproducing kernel of G is given by 




A' = 4y J + £™ 1 For 1 < i,j < n, the (i, j)-entry of K is 



„ = J_ 1 ^ 1 cos((2z-l)|l)cos((2 J -l)|i) 
" J " 2 2n ^ sin 2 (fl) 

_ (n + l)(2n 2 -5n + 6) , {%-!)% , (j - l)j Iz-jl+i+j 



6n 2 2n 2n 2 

Proposition 5.4. Lef G be a connected graph with n vertices with Laplacian matrix L. Let G' be a 
graph obtained by an edge added to G. Let = Ai, A2, . . . , X s be all the distinct eigenvalues of L and mi 
the multiplicity of Aj for 1 < i < s. Then the following hold: 

(ii) det(A"(G)) > det(K(G')). 

(Hi) < det(K) < holds. The equality on the right holds if and only if G is a tree, and the equality 
on the left holds if and only if G is the complete graph. 

Proof. Since are the eigenvalues of K, det(A") = „ A '"2 1 x ™ s ■ Also the fact r(G) = 

^A™ 2 • ■ • A™ s is well-known. Hence (i) holds, 
(ii) follows immediately from (i). 

From (i) and that r(G) > 1 with equality if and only if G is a tree and r(G) < n n ~ 2 with equality 
if and only if G is the complete graph, (iii) follows. □ 
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6 Entries of Gram matrix 



In this section, we study the entries of the Gram matrix K for a graph. We will show a combinatorial 
interpretation and several bounds on the entries of K. 

Define rij = K^i + Kjj — 2if,j. The values r^j is called the resistance between vertices i and j, see 

Section 9]. The following is a fundamental result on the resistance. 

Lemma 6.1 (|10|). Let G be a connected graph with n vertices and Laplacian matrix L. Then the 
following hold: 

ft) { r i,j '■ 1 < h j < n} satisfies the axiom of distance, 

fti) rij < d(i,j) with eguality if and only if there is the unique path between i and j . 

We use the following lemma to provide a combinatorial interpretation on the entries of K. For 
vertices i,j in a connected graph G, denote by r(G;i,j) the number of spanning forests of G with 
2 components in which each component contains exactly one of Thus when i and j coincide, 

t(G; is zero. Define r^.i = 52jev(G) T %3 ^ or eacn vertex i G V(G). It is also denoted by r.;. 

Lemma 6.2. Let G be a connected graph with n vertices. Then the following hold. 



Proof, (i): When i = j, there is nothing to prove. Assume that i and j are distinct. From [3j equation 



ft) r - 



. _ r(G;i,j) 
'J ~~ t(G) 



(ii) r i = nK i , i + Tr[K)- i. 
(in) K iti = i(Er=i n,i ~ h E)b,i=i r Ki + £)■ 





(ii): By the definition of ri and r^-, we have the following equalities: 



= ^ (K i , i + K j , j -2K i , j ) 



= nK iti + K 3* 2 E h -J 



jev(T) jev(T) 



= nKu+Tr(K)--. 



(iii): Summing (ii) over i = l,...,n yields that Ti(K) = ^E™j=i r jj + Substituting this 
equation (ii) we have the desired equality. □ 



Now we obtain the following equality. 



Proposition 6.3. Let G be a connected graph with n vertices. Then the following hold. 



1 " 

i=i 



T(G;i,l)+T(G;j,l) 
r(G) 



1 

2^ 



k,l=l 



E 



r(G;k,l) 1 l T(G;i,j) 
t(G) n 2 2 t(G) 
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Proof. The case for i = j follows from Lemma T6. 214 ). (iii). The case for i ^ j follows from the case for 
i = j, the definition of rjj and Lemma 16.214 ). □ 

Next we derive several inequalities on the entries of K. A vertex in G is said to be dominating if it 
is adjacent to all other vertices. The following lemma gives a lower bounds on the diagonal entries and 
characterizes dominating vertices. 

Lemma 6.4. Let G be a connected graph with n vertices. For any i £ {1, ...,n}, if,,, > d 1 +1 . In 
particular, Ki i > — with equality if and only if i is a dominating vertex in G. 

Proof. See [51 Theorem 3.2] for the proof of Ki^ > 

Since d\ + 1 < n, -JQ,, > — holds. If equality holds, we observe that K^i = i and = for any 
I 7^ i. Then Li t i = n — 1 holds, and thus a vertex i is a dominating vertex. Conversely assume that a 
vertex i is a dominating vertex. Then Lij = n — 1 and Ln = — 1 for any I i. Comparing the i-th row 
of K(L + J) = I yields that Ki^ = i and Kij = for any I ^ i. □ 

The following proposition gives an upper bound for the least entry of each row in K. 

Proposition 6.5. Let G be a connected graph with n vertices. If Kij = min/^ Kij, then Kij < with 
equality if and only if the vertex i is a dominating vertex in G. 

Proof. Since all-ones vector is the eigenvector of K with eigenvalue — , we have 

1 



J2 K ^ >Ki,i + (n-l)K itj . 



n 

Since K^> d l +l > i by Lemma 16.41 we have the desired inequality. 

The equivalent condition the equality follows from the same proof in Lemma 16.41 □ 

Lemma 6.6. Let G be a connected graph which does not have an edge e = Let G' be the graph 

added the edge e to G. Then for any I £ {1, . . . ,n}, Kij > K' u holds. 

Proof. Letting x = 8i — Sj, we have L' = L + xx T . By the Sherman-Morrison formulae [5J p. 19], we have 
K ' = K - TTiT§- From Lemma EHii), the (I, /)-entry of which equals to - , 

is nonnegative. Thus K^i > K[ l holds. □ 

Lemma 6.7. Let T be a tree with n vertices, K the Gram matrix of G. Then the following hold: 

(i) K^i = ±(r* -iEi^n^tt" 1 ) + k)- 

(ii) Candidates which take the maximum value of Ki^ are leaves on T. 

(iii) Let P — i\ ■ ■ ■ ii be the unique path from i\ toil. Then K.^^ > ifj Ii j 2 > • • • > . In particular, 
candidates which take the minimum value of Ki.j are leaves on T. 
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Proof, (i): Follows from Lemma l6.2f ii) and Lemma l6.1f ii). 

(ii) : Let i,j be adjacent vertices in T. Let V\ (respectively V2) be a set of vertices whose distance 
from i (respectively j) is greater than that from j (respectively i). Then V(T) = Vi U V2 U {i, j} and 

x£V(T) 
x£V(T) 

= £ d(i,x)+ ^(dO» + l) + l 
= d(i,x)+ d(j,x) + \V 2 \ + l. 

x£Vi x£V 2 

Similaxlyr j =j: x&Vi d(i,x)+j: xe v 2 d ^ x ) + \Vi\ + l. Thus, by (ii), K iA > K jd if and only if |Vi| < \V 2 \. 
Using this equivalent, if Ka takes the maximum value in {K^i : 1 < I < n} then i is a leaf. 

(iii) : Let i be a fixed vertex. Let j be a leaf which is not equal to i, and j' be the unique vertex adjacent 
to j. Then comparing the (i, j)-entry of KL = I — ij yields K^j — Kij/ = — i. Thus i^jj < A'jj' 
holds. Next let j be a vertex in T which is not equal to i, and j' be the unique vertex adjacent to j 
such that d,T(i,j') = dr(i,j) — 1. Assume that, for any vertex Z such that j lies on the unique path 
between i and Z and dr(i,Z) > cZt(«,j), > -A^z- Then comparing the (i,j)-entry of i^L = I — — J 
yields djKij - A,., - £ ; ^- „^ A,./ - Thus A, ,■ - A',., - E^ Wj -(^,i " A-,; + ± > 0. This 
proves (iv). □ 

The following lemma will be used in the proof of Theorems 16.91 and 16.101 

Lemma 6.8. Let T be a tree with n vertices. Let i be a leaf in T and j the unique vertex adjacent to 
i. Let T' be the tree obtained by deleting the leaf i from T. Then the following hold: 

ft) J2iev(T) d T(hl) = J2iev(T') d T'U,l)+n - 1, 

fti) Ei, m ev(x) d r(Z, m) = T,i, meV (T') d T> Q,m) + 2 Ez G v(T') d T' (j, + 2(n - 1). 

Proof. Both equalities follow from direct calculations. □ 

Define K = K(G) to be the maximum value on the diagonal entries of K for G. 

Theorem 6.9. Let G be a connected graph with n vertices, K the Gram matrix of G. Then i < K < 
K(P n ) with left equality if and only if G is the complete graph and with right equality if and only if G 
is the path. 

Proof. By Lemma l6.6| it is easy to see that K takes the minimum if and only if G is the complete graph. 

For the right inequality, we prove theorem by induction on n. For n = 2, there is nothing to prove. 
We assume that the statement holds for n — 1 > 2. By Lemma T6.61 it is enough to consider the case 
that G is a tree T and the vertices taking the maximum are leaves on the tree. Let 1 be a leaf on the 
tree T and 2 the vertex adjacent to 1 in T. Let T' be the tree with vertices {2, . . . , n} in T with Gram 
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matrix K'. Substituting the equations in Lemma I6.8IT J and (ii) into the equation in Lemma l6.7f i). we 
obtain 

(n-l) 2 rW (n-1) 2 
A i,i = 5 — A 2,2 H 5 — • 



The value takes the maximum if and only if T' is the path with n — 1 vertices and the vertex 2 in T' is 
a leaf by the assumption for induction. Thus Kx,i takes the maximum if and only if T is the path with 
n vertices and the vertex 1 in T is a leaf. □ 

Define K_ = K(G) to be the minimum value on the entries of K for G. 

Theorem 6.10. Let T be a tree with n vertices, K the Gram matrix ofT. Then K_{P n ) < K_ < with 
left equality if and only if T is the path and with right equality if and only if T is the star. 

Proof. By Lemma I6.7f iii). the minimum in K^j for all 1 < i, j < n takes at distinct Applying 
Proposition 16.51 to the case of trees implies the right inequality and characterizes the graph attaining 
the bound. 

For the left inequality, we prove theorem by induction on n. For n = 2,3, there is nothing to prove. 
We assume that the statement holds for n — 2 > 2. By Lemma l6~7T iii) . it is enough to consider the case 
that the vertices are leaves on the tree. 

Let 1, n be leaves on the tree T and 2 (respectively n — 1) the vertex adjacent to 1 (respectively n) 
in T . Let T" be the tree with vertices {2, . . . , n — 1} in T with Gram matrix K' . Substituting equalities 
obtained by using Lemma 16.81 two times into the equation in Lcmma l6.7f i) and using Lemma l6.1f ii). we 
obtain 

(n - 2) 2 n-1 2(n - 1) 

The value K\^ n takes the minimum if and only if K' 2 n _\ takes the minimum and dx' (2, n — 1) takes the 
maximum. By the assumption of the induction, this condition is equivalent that T" is the path with 
n — 2 vertices and the vertices 2, n — 1 in T' are leaves. Thus K± tn takes the minimum if and only if T 
is the path with n vertices and the vertices 1, n in T are leaves. □ 



Remark 6.11. All entries of K for the path of length n arc explicitly given in Example 15.31 

Finally we give the lower bound of the entries of vertices with distance p — 1 for trees for p > 2. The 
following lemma will be used in the proof of Theorem 16.131 

Lemma 6.12. Let n,p be integers such that n > p > 2. Let T be a tree with n-vertices and 1, 2, • • • ,p 
a path with length p — 1 in T. Let Ti denote the tree of T — U^~^{/s, k + 1} containing i with rii vertices 
for each 1 < i < p. Then the following hold: 

(i) r T ,i = Efc=i( r T fc ,fe + (k - l)n k ) and r T . P = Tl=i( r T k ,k + (p - k)n k ). 

E(z, m ) 6 y(T)2 d(l,m) = ELi E(z, m )Gy(T,) 2 d ( l , m ) + 2 J2Li( n ~ ni)r Tit i + Ei,j=i \i-:i\m n r 

(Hi) Ki^p > — — + '' 3=1 2n i 1 ~ w ith equality if and only if each Ti is a star with the dominating 

vertex i . 
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Proof, (i), (ii): Follow from direct calculations 
(iii): From (i) and (ii) above and Lemma 



2n ' n 

(l,m)GV(T) 2 



1 1 <r— ( 1 =1 N ~ j\ n i n j 

= -o y.ni(r Ti ,i - — > d(Z,m)) + -2 * — — ^ 



" »=i '"' (J,n»)e V(T0 



'f„^ (r ,),,,-iL + -L - Saj^g 

n z * — ' n z n z 2n z 

i=i 

. 1 p , 1 EL=i |«-j|ninj 

^l^ Ui 2 + ^ 



n 2 ^— ' n 2 n 2 2n 2 

2—1 

_ i _ p_ j_ _ EL=i N^iKnj 

n n 2 n 2 2n 2 

Equality holds if and only if K(Ti)i^ = — for each i. The latter condition is equivalent that Ti is a star 
with the dominating vertex i by Lemma 16.41 This proves (iii). □ 

As a consequence of Lemma 16.121 we obtain the lower bound for the entires of the Gram matrix 
corresponding to vertices with distance p—1. Denote by T* sp the tree of order r + s+p— 2 = n, which 
is obtained by joining the dominating vertices of two stars with r and s vertices by an path with length 
p-1. 

Theorem 6.13. Let T be a tree with n-vertices. Let l,p be vertices with length p—1 in T. Then 
K ltP > i - £ + 4, - £_ 2 1( (3"-2p+3)(p-2) + piLz|±2^ [IL^ 2 ]) W ith equality if and only if T is a tree 
T*„_j, + 2-| p_p +2 j p flfic? 1 and p are the vertices with degree |" n ~ 2 >+ "], L "~2 +2 J ■ 

Proof. By Lemma EZCpi), we have > ± - £ + 4* - gLi=2^£lZ^i . We show that, under the 
conditions 53f=i n i ~ n and each n, is a positive integer, N ~ j\ n i n j takes maximum only when 

{n\,n p } = {[— f^— 1) L "~2 +2 J i arLC ^ n 2 = ■ ■ • = n<p-i — 1 by induction on n and p. 

For n = p, there is nothing to prove. Set f p (ni, . . . , n p ) = X)f j=i V~ j\ n i n j- Let a be a permutation 
on {1, . . . ,p} such that > n. CT ( 2 ) > ■ • • > »V(L§J) and n a(rf 1) < ? Mrfl+i) < • • • < «a( P )- Then it 

follows from the rearrangement inequality that f p (ni, . . . , n p ) < f P (n a n), . . . , n a ^). Thus the statement 
is true for n = p + 1 . 

Next we consider the case p = 2. In this case, it is easily verified that / 2 (?ii, n 2 ) takes maximum 
only when {ni,n p } = {[§], |_fj}- 

Assume the statement is true for (n — 2,p) with n — 2>p and (n — l,p — 1) with n — I > p — 1 > 2. 
We use the following equality: 

p 

/ P (ni,n 2 , ■ • . ,n p _i,n p ) = / p (m - l,n 2 , . . . ,n p -x,n p - 1) - 2(p - 1)(^V; - 1) 

= f P {n\ - l,n 2 , ■ • .,n p _i,7ip - 1) - 2(p - l)(n - 1). (6.1) 
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By the above argument, we may assume that m > n% > • • ■ > n Lf J ano - ^Tfl — 71 TpI + 1 — ' ' ' — n P- ^ 
n p = 1 holds, then ni > 2 and by (|6. 1[) 

f p (n 1 ,n 2 , ■ ■ . ,n p _i,n p ) = / p (ni - l,n 2 , • ■ . ,n p _i,n p - 1) - 2(p- l)(n - 1) 
= f P -i(ni - 1,«2, ■ • ■ ,n p _i) - 2(p- l)(n- 1). 

Thus f p (rii, ri2 1 ■ ■ ■ , Ji p -i, %i) takes maximum if and only if f p -i(n\ — 1, ri2, . . . , n p —x) takes maximum. 
Then, in particular, {n\ — l,rt p _i} = {|" "~^ + ], \ n ^ P+2 j } holds. However this case cannot attain the 
maximum value because of the fact that maximum is taken for n± > 712 > ••• > ^|_§J and ^[|] < 
ri^p + i] < • ■ ■ n p . Similarly the case n\ = 1 yields the same conclusion. 

Thus we consider the case n\ > 2, n p > 2. Then by (|6.ip and induction, ] v {n\ — 1, • ■ • , J^p-ij H p — 1) 
takes maximum only when \n\ — l,n p — 1} = {[-^j^l, L^T^J} an d n 2 = ••• = %>-i = 1- thus the 
statement is true for n. Equality holds if and only if {ni,n p } = {f "~f + ~], [ "~2 +2 J } an d n,2 = ■ • • = 
n p _i = 1 hold, equivalently the tree is T* _ p+2 „_ p+2 ■ This completes the proof. □ 

Remark 6.14. In [T3j [14l [T5] , the matrix (L + I)^ 1 , called a doubly stochastic graph matrix, has been 
extensively studied. The upper bound for the diagonal entries of a doubly stochastic graph matrix was 
given in |14j . the upper bound and the lower bound for the entries of a doubly stochastic graph matrix 
were given in [15] and the lower bound for entries with adjacent vertices for trees was given in [13]. Also 
a graph which attains each of bounds above is characterized. The results above and Theorems 16. 9|6. 101 
and l6.13l look like very similar, but the proofs are completely different. 
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